We study the formation of exceptional point (EP) phenomena in a photonic medium with a complex time-periodic permittivity, i.e., ( ) sin( ) We also extend our theory to the case where the permittivity is simultaneously modulated in both space and time, i.e., ( , ) sin( ) 
I. Introduction
Time-Floquet or periodically driven systems are the systems whose parameters are periodic in time. As the time modulation can represent a rich and versatile resource that is used to achieve many novel phenomena, time-Floquet systems have attracted great attention recently. In quantum systems, researchers have reported that the topological spectra can be achieved when a proper time perturbation is introduced to a system which is topologically trivial in the static case [1] [2] [3] , and the topological state is called the Floquet topological state. Later, these Floquet topological states were observed in photonic [4] [5] [6] and solid-state [7] experiments, which motivated the detailed study of topological phenomena in periodically driven systems [8] [9] [10] [11] [12] .
Time-Floquet classical systems, such as the LC circuits with time-reactive elements [13] [14] [15] [16] [17] and the dynamic mediums with time-periodic permittivity [18] [19] [20] [21] [22] [23] [24] , have been investigated. For a long time, researchers have focused their study on the amplification and non-reciprocal behaviors in these time-Floquet classical systems [25] [26] [27] [28] [29] and made great achievements. Recently, there is also a surge of interests in investigating the systems that combine both the non-Hermiticity and time-periodic modulations [30] [31] [32] [33] [34] [35] [36] , leading to some novel phenomena that cannot be found in static systems, such as the exotic parity-time (PT) transitions [34, 35] and non-reciprocal gain without gain materials [36] .
In this paper, we study a typical time-Floquet photonic system in which the permittivity of the medium has the form ( ) sin and can be a complex number in general,  is the modulation frequency and  is an arbitrary initial phase which sets the origin of the time. When r  is real, dispersion relations as well as transmission and reflection properties of such dynamic media have been studied previously by solving a second-order time-dependent scalar wave equation for the electric field [21, 22] . Here, we are interested in the exceptional point (EP) phenomena in such systems. Using the method of Floquet matrix [37] , we formulate the Maxwell's equations in the form of a first-order nonHermitian Floquet Hamiltonian matrix and we solve for the photonic Floquet band structures as well as the Floquet states. To the first order in r  , we show explicitly that the existence of a gap in the wave vector space (the so-called k-gap) is an EP phenomenon. At both the upper and lower edges of the k-gap, two real quasienergies coalesce and form a pair of EPs which are always in opposite chiralities in the stroboscopic sense. The region between these two EPs is a broken phase, in which the quasienergies form complex conjugate pairs so that the Floquet states can decay or grow. The amplification and damping of waves in this region are induced by the time modulation in the absence of gain and lossy materials [34] [35] [36] . By picking up the mode with a positive imaginary quasienergy, the wave propagation inside the k-gap always grows exponentially with a maximal growth rate near the center of the k-gap. This is numerically verified by using the finite-difference time-domain (FDTD) simulations. In three dimensions, all these EP pairs in different directions in the k space form two concentric spherical surfaces of EPs with a broken phase in between. These two concentric surfaces repeat themselves periodically in the quasienergy space with Ω as the period. When r  is purely imaginary, we find quasienergy gaps instead of a k-gap. is faster than the speed of electromagnetic wave inside the medium.
Temporally modulating the permittivity in experiments is not easy. Nevertheless, various techniques such as electro-optic, thermal-optic and plasma dispersion effects have been proposed for realizing time modulation [37] [38] [39] [40] [41] [42] [43] [44] . Owing to the growing interests in the time Floquet photonic system, sustainable time modulation on the permittivity with very high modulation frequency can be feasible in the near future [24] .
II. Formulation of the Floquet Hamiltonian
We consider the electromagnetic wave propagation inside a dynamic medium where the permittivity is time periodic. Without loss of generality, we consider a wave propagating along the x direction with the electric field and magnetic field in the y and z directions, respectively.
For the sake of mathematical simplicity, we set both the permittivity and permeability in vacuum as unity and assume that the static relative permittivity 0 o   . By using the Maxwell equations
we obtain the following wave equations for the electromagnetic fields :   2  2  2  2  2  2   2  2  2  2  2 [ sin( t + )] 2 cos( t + ) sin( t + ) ,
where= Kx K is the wave vector. To obtain the Floquet Hamiltonian, we followed Ref. [34] to reduce the differential order by employing the Liouvillian formulation and rewrite Eq. (2) as a two-component time-dependent Schrodinger-like equation for the magnetic field and its time derivative, i.e., (6) and (7), we can see that if Q is an eigenvalue of Eq. (7) corresponding to the eigenstate  , then Qn  with n being an arbitrary integer number is also an eigenvalue of Eq. In the following, we will use the Floquet matrix method [45] 
The Floquet modes are then transformed according to 
And the Floquet Hamiltonian has the form
Similarly, we can generalize the above procedure to any order n in / ro  by finding H n  first and then write down the corresponding Floquet Hamiltonian using Eq. (13). Here, we will only consider the cases of n = 1 and 2. When 0 r   , a positive band and a negative band differing by an order n can be coupled by the off-diagonal matrices H n  which lifts the degeneracy at the diabolic point and produces a pair of EPs, a quasienergy gap or the mixture of the two, depending on the properties of r  . Since the quasienergies in the Floquet bands are periodic with the periodic  , we will only discuss quasienergies in the reduced zone 0 Q    . 
III. Exceptional points
The chirality of EP can be defined analogous to the polarization of electromagnetic waves [48] .
Eq. (25) 
In order to find the explicit eigenfunction of the magnetic field at the EPs, different from Eq. 9), i.e., Similarly, we can obtain the magnetic field and its derivative with respect to time at the EP Eqs. (27) and (28) show that the propagating field possesses two terms; the first term represents the ordinary wave propagation due to the zeroth order positive band, whereas the second term comes from the negative band of the first order. And the chirality of the EPs determines the phase difference between these two terms.
To identify the singularity of the EPs, we studied the phase rigidity r  at the EPs, which is  is the duration time. As shown in Fig. 2 , we discretized the medium to 1 N  spatial steps and 1 M  temporal steps with the step sizes x  and t  , respectively. Then the time-dependent electromagnetic fields can be calculated using the following discretized Maxwell's equations,
The magnetic field inside the slab is written as As we discussed previously, when r  is real, there are infinite number of pairs of EPs as K increases and between each pair of EPs is a broken phase with the quasienergies in complex conjugate pairs. As the time grows, according to Eq. (6), the field components inside the slab corresponding to the Floquet states whose quasienergies possess negative imaginary parts will decay while the field components corresponding to the Floquet states whose quasienergies possess positive imaginary parts will grow. At large times, the fields inside the slab will be dominated by the field components whose wave vectors are inside the broken phase region. As a result, this kind of dynamic medium can induce a field amplification [35, 36] if the medium is excited at the proper K.
To describe the amplification behavior, we defined Fig. 3 Fig. 3(c) . 1 () gK denotes the amplitude of Floquet state corresponding to 3 / 2 Q  . We can see that 1 () gK has the identical shape as that in Fig. 2(b) and is also largely amplified in the broken phase region.
If we increase both the starting time 1 t and ending time 2 t by t  , according to Eqs. 
IV. Band gaps
When r  is purely imaginary, the reduced Hamiltonian (11) (36) and (37) Qn  , where Q is the quasienergy corresponding to K and n is an arbitrary integer number.
In Fig. 5(a) , we plot the magnitude of ( , ) hK for the fixed wave vector We have also studied the case that r  is a complex number. According to Eq. (22) , when r  is a complex number, there will be no EPs as the formula in the square root can no longer be zero. In this case, the singularity will be smoothed [50, 51] . The quasienergies are now complex numbers with the imaginary parts can be both positive and negative. And there are gaps for the real part of the quasienergies. These can be verified by calculating the Floquet bands using the Floquet Hamiltonian as shown in Fig 6. 
V. Space-time modulated permittivity
In this section, we will study the more complicated case that the permittivity is modulated simultaneously in space and time, i.e., the permittivity is expressed as medium is widely studied in acousto-optics [52] [53] [54] . By illuminating an acoustic plane wave on the TeO 2 crystal, the modulation permittivity of the crystal can be expressed as Eq. (39) due to the elasto-optic effect. The diffraction of light by the space-time modulated medium can be calculated by directly solving the Maxwell's equations, and the diffraction efficiency of diffracted orders has been studied by Laude using the coupled-wave equations method [52] . The scattering of acoustic wave by a space-time modulated medium has also been studied recently [55] . And it is shown that k-gap forms when the modulation speed is faster than the speed of wave inside the medium. In the following, we will show that this conclusion is also valid for the electromagnetic system, and a pair of EPs forms at the edges of the k-gap.
We first numerically calculate the band dispersion of the space-time modulated medium using the plane wave expansion method. Based on the Floquet-Bloch theorem, the electromagnetic fields inside the space-time modulated medium can be written as 

And the space-time modulated permittivity can be expressed as 
where Ĥ is defined as , quasienergy gaps form around the intersections, as shown in Fig 7(a) . However, when the modulation speed is faster than the wave speed, k-gaps are created as can be seen in Fig   7(b) . To investigate the EP phenomena associated with the k-gaps, we use again the Floquet matrix method to calculate the Floquet bands for the case of / mo cc  , and show that the region inside the k-gap is the broken phase.
As the permittivity depends on ( , ) xt through a unique combination, the medium is more conveniently described by a new viable u introduced below 
Employing the Liouvillian formulation, we can rewrite Eq. (50) 
Similarly, we apply the following similarity transformation to the effective HamiltonianĤ' eff so that its time-independent part 0 H' becomes Hermittian: In Fig. 8(a) , we showed the real part of the Floquet bands calculated using the Floquet matrix method (circles) and those calculated using the plane wave expansion method (lines). We can see that the Floquet bands calculated using these two methods agree excellently. What's more, using the Floquet matrix method, the imaginary part of the quasienergy as a function of the wavenumber is also calculated and shown in Fig. 8(b) . It is clearly seen that the quasienergies inside the k-gap are complex conjugate pairs, indicating that the region inside the k-gap is broken phase. Note that to calculate the Floquet bands in Fig. 8 , we expanded H'( ) u and kept up to the third order terms (the coupling matrices 23 H ' , H '  are considered in the Floquet matrix).
VI. Conclusions
In summary, we have investigated the formation of EPs in a time-Floquet photonic system in which the permittivity of the dynamic medium is periodic in time. Using the method of Floquet matrix, we obtained the photonic Floquet band dispersions analytically and the expressions of the 
